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Abstract
The two-dimensional free surface flow of a finite-depth fluid into
a horizontal slot is considered. For this study, the effects of viscosity
and gravity are ignored. A generalised Schwarz-Christoffel mapping is
used to formulate the problem in terms of a linear integral equation,
which is solved exactly with the use of a Fourier transform. The
resulting free surface profile is given explicitly in closed-form.
∗Published in 2000 in Physics of Fluids 12 (8) 2145 with doi:10.1063/1.870461
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1 INTRODUCTION
In this paper, we examine the free surface flow past a semi-infinite rectangular
body in a fluid of finite depth [see Fig. 1(a)]. The geometry chosen can be
used to model the withdrawal of water from a reservoir through a horizontal
slot. Flows of this sort are important to engineers who are interested in the
selective withdrawal in a fluid with two distinct layers of differing density.
For discussions on withdrawal flows in reservoirs and similar applications,
see Hocking [1] and Imberger [2] and the references therein. The geometry
shown in Fig. 1(a) can also be used to model the bow flow generated by a
wide, blunt ship travelling at constant velocity. The understanding of such
flows is obviously important for aspects of ship design.
The problem described by Fig. 1(a) has been considered before by Hock-
ing [3], who included the effects of gravity in his study. A boundary integral
method was employed in a conformally mapped plane to solve the nonlinear
problem numerically, and it was shown that solutions exist for all super-
critical Froude numbers 퐹 > 1. The special case of zero gravity (퐹 = ∞)
was also considered, and solved by transforming the governing integral equa-
tion into the airfoil equation. The solution for the angle of the free surface
relative to the horizontal is written in terms of a Cauchy principal value inte-
gral, which may be evaluated numerically. To obtain the location of the free
surface, some other calculations involving numerical integration need to be
performed. It is shown by Hocking [3] that the free surface profiles obtained
for 퐹 = ∞ are quite similar to those obtained for finite values of 퐹 , except
in the limit 퐹 → 1.
We also consider the special case of zero gravity. A generalized Schwarz-
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Christoffel mapping is used to map the flow domain into an upper half-plane.
The complex potential in the half-plane can be written down immediately, at
which point an application of Bernoulli’s equation yields a singular integral
equation. We solve this integral equation using Fourier transforms. The ad-
vantage of the method presented in this paper over that given by Hocking [3]
is that our solution for the free surface is given explicitly in closed-form.
It should be noted that the use of the generalized Schwarz-Christoffel
formula in solving free surface problems was developed by Bloor [4] for pe-
riodic water waves, and then used by King and Bloor [5, 6, 7] for studies
of flow over steps, obstacles and submerged bodies. In particular, King and
Bloor [8] used this method to solve the problem of irrotational flow due to
a submerged sink in the limit that gravity vanishes. This problem is very
similar to the one considered presently, and our working follows [8] closely.
2 MATHEMATICAL FORMULATION
Consider the irrotational, free surface flow of an inviscid, incompressible fluid
into a horizontal slot. The slot is bounded above by a semi-infinite rectangu-
lar body, whose bottom face is a distance 퐷 above a flat bottom. Upstream,
the flow approaches a uniform stream with velocity 푐 and height 퐻 . It will
be assumed that the effects of gravity and surface tension are negligible, and
that the free surface attaches smoothly to the front face of the body.
A Cartesian coordinate system is introduced so that the 푥-axis lies on
the horizontal bottom and the 푦-axis overlaps the front face of the body. All
lengths and velocities in the problem are scaled with respect to the upstream
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height 퐻 and speed 푐, so that the solutions depend on the nondimensional
height of the horizontal slot 훾 = 퐷/퐻 only. A sketch of the flow is presented
in Fig. 1(a).
The flow region is mapped into the upper half of the 휁-plane by the
transformation
푑푧
푑휁
=
−1
휋(휁 + 1)
(
휁 + 휎
휁
)1/2
exp
{
−1
휋
∫
∞
0
휃(푡)
휁 − 푡 푑푡
}
, (1)
where 푧 = 푥 + 푖푦 and 휁 = 휉 + 푖휂. The 휁-plane is shown in Fig. 1(b). Under
this transformation, the image of the point where the free surface meets the
body is the origin 휁 = 0, the free surface is mapped to the positive 휉-axis,
and the corner of the body is mapped to the point 휁 = −휎. In addition, the
image point 휁 = −1 represents the limit 푥 = ∞. Note that the parameter
휎 takes values in the range 0 < 휎 < 1, and determines the slot height 훾. In
the limit 휎 → 1, the slot height 훾 → 0, and the flow reduces to that due to
a line sink situated on the horizontal bottom.
The transformation (1) is a generalized Schwarz-Christoffel mapping. In
this mapping, the quantity 휃(푡) represents the angle between the negative
푥-axis and the free surface at the point in the physical plane corresponding
to 휁 = 푡 (for real 푡). A derivation of this transformation can be found in
King and Bloor [7].
In the limit 휂 → 0, the integral∫
∞
0
휃(푡)
휁 − 푡 푑푡→ −
∫
∞
0
휃(푡)
휉 − 푡 푑푡− 푖휋휃(휉) . (2)
The bar through the integral sign implies that the singular integral is to be
interpreted in the Cauchy principal value sense. It is convenient to write
푃 = −1
휋
−
∫
∞
0
휃(푡)
휉 − 푡 푑푡, (3)
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so that after using (1) and (2), we find that
푑푧
푑휉
=
−1
휋(휉 + 1)
(
휉 + 휎
휉
)1/2
exp{푃 + 푖휃} (4)
on the free surface, for 휉 > 0.
Since the flow is irrotational, there exists a velocity potential 휙, which
is the real part of the complex quantity 푓 = 휙 + 푖휓, where 휓 is the usual
streamfunction. In the 휁-plane, the complex potential 푓 can be written down
directly as 푓 = − log(휁 + 1)/휋, since the flow is simply that due to line sink
of strength 1/휋 located at the point 휁 = −1. It follows that the complex
velocity becomes
푑푓
푑푧
= 푢− 푖푣 = 푑푓
푑휁
푑휁
푑푧
=
(
휁
휁 + 휎
)1/2
exp
{
1
휋
∫
∞
0
휃(푡)
휁 − 푡 푑푡
}
,
where 푢 and 푣 are the 푥 and 푦 components of the velocity vector. On the
free surface, this expression for the complex velocity becomes
푢− 푖푣 =
(
휁
휁 + 휎
)1/2
exp{−푃 − 푖휃},
so that the magnitude of the velocity 푞 on the free surface is simply
푞 =
(
휉
휉 + 휎
)1/2
exp{−푃}.
However, we are considering the limit that gravity vanishes. Therefore
Bernoulli’s equation simply states that 푞 = 1. Using this fact, and equation
(3), it follows that the angle 휃 must satisfy the singular integral equation
1
휋
−
∫
∞
0
휃(푡)
휉 − 푡 푑푡 = log
(
휉 + 휎
휉
)1/2
. (5)
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3 RESULTS AND DISCUSSION
By introducing the substitutions
휉 = exp{−휋푟}, 휃(휉) = 휃˜(푟), (6)
the integral equation (5) can be written as
−
∫
∞
−∞
휃˜(푡)
푒−휋(푟−푡) − 1 푑푡 = log
(
푒−휋푟 + 휎
푒−휋푟
)1/2
.
We solve this equation by applying a Fourier transform and the convolution
theorem. The solution for 휃˜(푟) is
휃˜(푟) = −
∫
∞
−∞
1
(푒휋푡/2 − 푒−휋푡/2) log
(
푒−휋(푟−푡) + 휎
푒−휋(푟−푡)
)1/2
푑푡. (7)
Here we have used that fact that the Fourier transform of (exp(−휋푟)− 1)−1
is −푖 coth 푘, and the inverse Fourier transform of 푖 tanh 푘 is (exp(휋푟/2) −
exp(−휋푟/2))−1, where 푘 is the transformed variable. After once again making
the substitution (6), the equation (7) becomes
휃(휉) = −
∫
∞
−∞
1
(푒휋푡/2 − 푒−휋푡/2) log
(
휉푒휋푡 + 휎
휉푒휋푡
)1/2
푑푡. (8)
Finally, (8) can be integrated carefully to give the solution for the angle of
the free surface
휃(휉) = arctan
(
휉
휎
) 1
2
− 휋
2
. (9)
This integration is performed by differentiating under the integral sign with
respect to 휉, evaluating the resulting integral using complex variable tech-
niques, and then integrating the result directly.
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The results expressed in (5) and (9) together give the integral in (2).
Hence, by analytic continuation from the real axis into the upper half-plane,
the mapping (1) becomes
푑푧
푑휁
=
−1
휋(휁 + 1)
(
휁 + 휎
휁
)1/2
exp
{
log
(
휁
휁 + 휎
)1/2
− 푖 arctan
√
휎
휁
}
= −1
휋
√
휁 − 푖√휎
(휁 + 1)(휁 + 휎)1/2
. (10)
This expression can be integrated, with the use of integral tables and the
symbolic manipulator MAPLE, to give the inverse mapping formula
푧(휁) = − 1
휋
√
1− 휎 log
[
2
√
휁(1− 휎)(휁 + 휎) + 휁(휎 − 2)− 휎
휁 + 1
]
+
2푖
휋
√
휎
1− 휎 arctan
√
휁 + 휎
1− 휎 +
log 휎
휋
(
1 +
1√
1− 휎
)
−2
휋
log(
√
휁 +
√
휁 + 휎) + 푖
(
1 +
1−√휎√
1− 휎
)
. (11)
The constants of integration here have been found by enforcing the conditions
푧 → −∞ + 푖 as 휁 → ∞ + 푖 0 and 푥 = 0, when 휁 = 0. The expression (11)
reduces to a parametric equation for the free surface by setting 휁 = 휉 and
letting 휉 take values in the range 0 ≤ 휉 <∞.
The relationship between the mapped parameter 휎 and the height of the
body above the bottom 훾 is found from equation (11) by equating 푧(−휎)
with 푖 훾. The result is
√
휎 =
1− 훾2
1 + 훾2
. (12)
The relations in (11) and (12) constitute the solution to this problem. Note
that there are no solutions if 훾 > 1.
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Three typical free surface profiles are presented in Fig. 2. From bottom
to top, these profiles correspond to gap height values 훾 = 0.15, 0.5 and 0.85.
Note that the full vertical face of the body has not been shown here. As
훾 → 1, the free surface approaches the horizontal line 푦 = 1. These surface
shapes have been compared with data obtained from Hocking’s solution [3]
using his personal code, and the results agree very well. As mentioned earlier,
the free surface profiles presented here (for Froude number 퐹 = ∞) differ
only slightly from those obtained for finite 퐹 , except for values of 퐹 near
unity (see Hocking [3]).
The dependence of the height of attachment, denoted by 푦푎, on the slot
height 훾 is given by
푦푎 = 1 +
2
휋
√
휎
1− 휎
(
arctan
√
휎
1− 휎 −
휋
2
)
. (13)
This relationship is easily determined by substituting 휁 = 0 in equation (11).
As 훾 → 1, the attachment height 푦푎 → 1, but there is no solution for 훾 = 1.
In the limit 휎 → 1, 훾 → 0, and the gap between the bottom and the
body reduces to a line sink situated at the origin 푧 = 0. This limiting case
has been considered with zero gravity by Collins [9], Hocking [10] and King
and Bloor [8].
The solution for the free surface angle (9) when 휎 = 1 can be rewritten
as 휃(휉) = arcsin(휉 + 1)−1/2, for 휉 > 0, which agrees with the result of Hock-
ing [10]. After some algebra, the parametric form of the free surface in this
limit becomes
푧(휉) = 푖+
2
휋
{(
휉
휉 + 1
)1/2
− arcsin
√
휉 − 푖
(휉 + 1)1/2
}
for 휉 > 0. (14)
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The result (14) is exactly the same as that found by King and Bloor [8], who
considered the flow due to a submerged sink at an arbitrary height 훿 above
the horizontal bottom. This is to be expected, since the analysis here for
휎 = 1 (훾 = 0) is identical to King and Bloor’s analysis for 훿 = 0.
Collins [9] and Hocking [10] have both proved that free surface attaches
to the vertical wall at the height 푦푎 = 1 − 2/휋 when there is a sink on the
bottom and the effects of gravity are ignored. By taking the limit 휎 → 0
in (13), it can easily be shown that we agree with this value.
4 CONCLUSIONS
The problem of free surface flow into a horizontal slot has been considered
for the case where gravity vanishes. It is shown, with the use of a generalised
Schwarz-Christoffel mapping, that an exact expression exists for the location
of the free-surface, which is given in explicit form.
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Figure 1: (a) A definition sketch in non-dimensional variables of the irrota-
tional flow past a semi-infinite rectangular body. (b) A sketch of the mapped
휁-plane.
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Figure 2: Typical free surface profiles. From top to bottom, the slot height
훾 = 0.85, 0.5 and 0.15.
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